ON SOME EXTREMAL FUNCTIONS AND THEIR
APPLICATIONS IN THE THEORY OF ANALYTIC
FUNCTIONS OF SEVERAL COMPLEX VARIABLES(})

BY
JOZEF SICIAK

1. Introduction. Let E be a bounded closed set in the space C" of n-complex
variables z = (z,, ...,2, ). Let b(z) be a real function defined and bounded on E.
In the following we define an extremal function ®(z, E, b), z € C", depending on
E and b. For this purpose we introduce a triangular array of extremal points
{y"} of E. In the case that b(z) is lower semicontinuous, the formal definition
of the points y" is analogous to the definition of Fekete-Leja’s point of a plane
set. In the case that E is in C' and b(z) = 0, the points yf‘") are exactly Fekete’s
points of E (see (5.3)).

In the case of one complex variable, the function log ®(z, E,0) is a generalized
Green’s function for the unbounded component of CE with pole at oo. It is well
known that the Green’s function plays the primary role in the theory of inter-
polation and approximation of holomorphic functions of one variable by poly-
nomials (see [27]). It turns out that the function @(z,E,0), ze C", also plays a
quite similar role in the theory of interpolation and approximation of holomorphic
functions of several variables by polynomials. For instance, one can obtain the
Bernstein-Walsh inequality

|P(2)| £ M®'(z,E0), zeC", M =max |P(2)]
zeE

P(z) being an arbitrary polynomial of order v, v=0,1,.... This inequality is
useful in the proof of the following theorem: If ®(z, E,0) is continuous in C" and
Eg is given by

Ep = {z|®(z,EQ0) <R}, R>1,
then the necessary and sufficient condition that function f(z) be holomorphic in
Eg and not continuable to holomorphic (single-valued) function in any Eg.,
R’ > R, is that
™ lim sup / max |f(z) —=n,(2)| = L,

v+ zeE R

where n,(z) denotes a polynomial of order v of the Tchebycheff best approxi-
mation to f(z) on E.
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We also show that polynomials £ ,(z,f) found by interpolation of f(z) at the
extremal points of E (with respect to b(z) = 0) converge maximally to f(z).

We prove that if E is a Cartesian product of plane sets E, E,, ..., E,, any one
of which has positive logarithmic capacity, then

®(z,E,0) = max {®(z,, E,,0), ..., (z,,E,,0)}, zeC".

This equality implies that approximation or interpolation by polynomials to the
function f(z) =f(z,,...,z,) holomorphic in the Cartesian product of plane
sets reduces, in principle, to approximation or interpolation in each variable
separately.

For instance, if E = E; x ... X E,, then (*) is a necessary and sufficient condi-
tion that the function f(z) be holomorphic in the Cartesian product E,g x E,p x
... X E,p, where E;g ='{zk|<D(zk,E,‘,0) <R}. In the case that E;, k=1,2,...,n,
is a line segment, this fact has been proved by a different method in [17].

In the last section we prove that if ®(z, E,0) is finite at any point of C", then
there exists a limit

) 1 ®(z,E,Ab)
*k = 2 ‘®(z,E,0)
*%) u(z,E,b) :‘f‘; 7log ®(z,E0) ’

eC".

If E is a plane set of positive capacity, then the function u(z, E, b) is harmonic
in CE. In the case that E is a Jordan curve and b(z) is continuous, the function
u(z, E, b) has been proved in [8] and [13] to be a solution of the Dirichlet problem
for the interior of E with boundary values b(z). This result has been generalized
in [21] as follows. If E is the boundary of a domain D which contains the point
oo in its interior, the function u(z, E, b) is a generalized solution of the Dirichlet
problem for any component of CE with boundary values b(z) (continuous or not)

In the last section of this paper the connection of u(z, E, b) with Bremermann’s
solution (see [4]) of the Dirichlet problem for plurisubharmonic functions in C"
and with domains of uniform convergency of Hartogs’ series has been established.
In particular, we have proved the following. If E is a Silov boundary with respect
to polynomials of a bounded domain D such that there exists a decreasing sequence
of domains of holomorphy {D,} convergent to D,

D,oD,,,»D, v=L12..,, D -D,

and if any function holomorphic in D can be approximated by polynomials
uniformly in D, then the function
u*(z,E,b) = lim sup u(z,E,b), zeD,
is an upper envelope of all functions V(z) plurisubharmonic in D which are less
or equal to b(z) on E.
Roughly speaking, this means that for bounded polynomially convex domains
the function u*(z, E, b) is equal to Bremermann’s function.
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The functions log ®*(z, E, b), for ze C", and u*(z, E, b), for ze D, are plurisub-
harmonic and therefore are members of some of Bergman’s extended classes [2; 3].
In the case of C!, the functions log ®(z, E, b) and u(z, E, b) are harmonic at any
finite point outside of E and therefore are continuous there. The natural question
of the continuity of ®*(z, E, b) or u*(z, E, b), z € C" (or of the generalized solution
of Dirichlet’s problem for plurisubharmonic functions) is still open. One knows
that in the case of C! there is also a very simple relation between Green’s function
and Bergman’s kernel function. We do not know whether any relation between
log ®*(z, E,0) and the kernel function of several complex variables can be estab-
lished.

The author wishes to express his gratitude to Professor F. Leja for his inspi-
ration and to Mr. A. Hurd for his help in preparing the manuscript.

2. Lagrange interpolation formulae for polynomials of n complex variables(?).
Let P,(z) = P,(zy, ..., 2,) be a polynomial of degree v
0y P(z) = Y a2tz
kyi+..+tknSv
We shall always assume that a polynomial of degree v is also of degree v’, v’ 2 v.

Let Kipoosku s 1=12,...,Cornn

denote the sequence of all solutions in nonnegative integers of the inequality
ki + ... + k, < v. Then P(z) may be written in the form

Ve

K k d
)] P(z) = '2 Qoo 21 Zi s Ve = Coipne
=1

Let p” = {p,,ps, ..., p,,} be a system of v, points

(3) pi = (Zu,...,z,,,), i = 1,2,...,"‘
such that the determinant
@ V(p™) = det [z'{{'z'-_‘,i' zf,;" s (1 =1,2,..,vy),

is different from zero. We observe that V(p™) is a determinant of the system of
linear equations

Ve
kit ki kni s
(5) 2 Aky1kas ... knt 210 222"' zm = bi, 1= 1,2,...,V*,
=1

where a;, x,, x| =1,2,..., v,, are unknowns. Therefore, there is exactly one
polynomial P(z) of degree v which takes the value b, at the point p; of system p™,
A system p®) = {p,, ..., p,, } for which V(p®)) # 0 will be called unisolvent with
respect to polynomials of degree v, or simply unisolvent system of order v.
Let us replace the ith row of the determinant (4) by the row

kit k k
[z bz ghmy, ghragfer  ghma [ ghiveghave [ Zke].

(2) Concerning various interpolation formulas in C" see for instance [22; 24].
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We shall obtain a new determinant (4), say V(z,p™), which corresponds to the
system of points

{Pul’z’ v Dim1s 2y Pit1seers Pv,}’

z being an arbitrary point of C". Let

i v V z, ) .
(6) L(’(z,p‘ ) = -—;/(—(—p}%v—)-)—)- , i=12,..,v,.
We have
) L%, p™) =6y, hji=12,..,v,.

The degree of L¥(z, p®)) is equal to v. We obtain the following:

Lemma 1. If p® = {p,,...,p,,} is unisolvent system of v, points of C" (i.e.,
V(p™) # 0) and P,(2) is an arbitrary polynomial of degree v, then

® P(2) = X PO, zeCn
i=1

Formula (8) reduces in the case of n=1 to the well-known interpolation
formula of Lagrange.

Let {Q = {Cxo, {x1s ---» Civ} DE @ system of v + 1 points of the (z;)-plane, k= 1,2,
..., h, respectively. Let L')(z,,{}’) denote the fundamental polynomial (6) of the
complex variable z, corresponding to the system (. If P(z) = P(z,,...,2,) is a
polynomial of degree v with respect to any of its variables separately, then by
iteration of Lagrange’s formula for one variable, we obtain

v

(9) P(Z) = Z P(Clin Czip ceey Cni,.)L(i l)(zl,cg.")) oo L(in)(zm':?))'

i1,825 .00y in=0
Sometimes it is convenient to have a special interpolation formula for homo-
geneous polynomials. The simplest way of deriving such a formula is to introduce
a system of points unisolvent with respect to homogeneous polynomials. Let
0.(2) =0,zy,...,2,) be a homogeneous polynomial of degree v,

Qv(z) = 2 ak,...k.. Z "'z:n’

ki+...+kp=v

where Ek1+...+k,,=v denotes summation over all solutions in nonnegative integers
of the equation x, + x, + ... + x, =v. Let

(kll’ kz,, ceey knl) > l = 1,2, ceny VO, Vo = Cv+n_ t,a—1s
be a complete sequence of these solutions. Then

Yo
(10) Qv(z) = 2 ak”ku...k,.lz'{”“‘zfln' .
=1

Let p = {p,,...,p,,} denote a system of v, points of C" where

Di = (2102205 > Zni)s i=12..,v,
such that the determinant
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(11) W(p') = det[ z{'z5" ... 251, il=12,...,v,,

is different from zero. Let W,(z, p®)) denote the determinant (11) corresponding
to the system {py,...,P;-1, Z, Pi+1,--»Py,}» Z being an arbitrary point of C".
The polynomial

W(z,p™)

W), n ) —
(12) T (z’p ) W(p(y)) b

i=12,...,v,

is, of course, homogeneous and of degree v. Moreover
(13) TO(p;,p™) = 6, bj=12,...,%,
whence we have.

LEMMA2. If p ={p1,..,Ps}> Vo = Cysu—1.a-15 is @ System of vy points of
C" such that W(p”) # 0 and if Q(z) is an arbitrary homogeneous polynomial
of degree v, then

(14) 0@ = L omTer")  zeC.

3. Interpolation series of Newton. Let
ey iv) = {Cko’ Cirs -kav}

be a system of v+ 1 distinct points of the z,-plane, k = 1,2, ..., n, respectively.
Consider the points in C" given by

) Diy - in = (10,5 C2igs oo > Cnin)s
where iy, i,, ..., 1, are nonnegative integers such that
2" i +i,+ ... +i, S

There are v, = C,4,,, such points. We remember that v, is also the number of
coefficients of a polynomial P(z), z e C", of degree v.

LEmMMA 1. Given v, arbitrary complex numbers
biiy..ins Gt .t ZV,
there exists exactly one polynomial P(z) of degree v such that
(3) P(pi,..i,) = bi, .4, » i+ ...+i, S

Moreover polynomial P, may be written in an unique way in the form

4 P(z) = z i, .y Hl (z — Cko) vz — Ckik—l),

iy +o.tinSV k=

where by definition we put (z, — {;,-4) = L.
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Proof. At first we shall prove that there is a unique polynomial of the form
(4) which satisfies (3). For n = 1 the formula (4) reduces to the well-known inter-
polation formula of Newton. For n =2 see [22]. We shall use induction. Sup-
pose our theorem to be true for n — 1 variables and observe that .

P(z) = Zv: [ )> ai.i;...i,,kll (2 = ko) - (2 — Ckik-l)]

i;=0 Lix+...+i,Sv—iy

x (z; = {10) (21 = Chiy-1)

= OPv-il(zzﬁ""zn)(zl—'CIO)"'(ZI_CH]—!)-

iy=
Equations (3) may now be written in the form
boisis.in = Pl21;3C3130 -5 8u)s B2t izt .. +ip Sy
bli;i;...i,. = Ps-(an,Csi,a-u’Cnik) )
) + Poo1Caip Caigs oo s Cai ) €11 = L10) 5 ia+ oo + iy Sv—1
byoo..o = Pyl20:8305--5Cn0) + -
+ PO(C209 ~-~a£n0) (Clv - CIO) "'(Clv - Clv—l)'
. Due to the induction assumption the first C,,,- ,-; equations enable us to
find all the coefficients ay;, g, i, + ... + i, < v, the next C,,,_, ,—; equations
enable us to find all the coefficients a,;, ,, i,+...+i,<v—1, provided
Qoi,...i, have been found, and so on. We shall find all the coefficients a;,_;,
iy + ... +i, < v, successively. However, these coefficients are uniquely deter-
mined by (3). By the way, we see that for any values b; _; , iy +...+ i, < v, there
is at least one polynomial P,(z) of degree v such that P, (p,.i,) = bi,.., From
the theory of linear equations this implies that the determinant (2.4) corresponding
to the points (2) is different from zero. Therefore, there is exactly one polynomial
P (2) of degree v, which satisfies (3).
One may easily check that the determinant A of equations (4’) has the form
A=¢- (C“ _ L’lo)cv-m-z,mn

x [Crz = $10)Ciz = L)1t [y = Li0) oo Cay = L )] O,

where 8 depends only on the points of {{” for k = 2,...,v. After elementary trans-
formations we obtain from (5)

v=1
A=3Jd l:lo [V,(C(l"))]cwn-zm-z,

)

where

V;(C(lv)) = H (Clj - ‘:n)~

0Si<jsv-s
Since the systems {{”, k = 1,2, ..., n, play an equivalent role in (4’), we have

v—-1

TT I Daierss->

s=0

(® 1] =
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By this formula we have A # 0, whence we may obtain another proof of Lemma 1.

Now we shall find an explicit formula for the coefficients a; _, . For this pur-
pose let D, be a domain in the z,-plane with a smooth boundary C, oriented
positively with respect to D,. Suppose that the points (1) lie in D;, k =1,2,...,n,
respectively Then by the residue theorem

J. J P (Ch --.’Cn)dCl see an
(2ni) 1] G = Go) o G = L)

- 1 (G = Lko) -+ (i — Chan-1)
- il+...z+:i,.§va“m i (2ﬂi)"j Jc k1=-=[l (PR YN (P )

: dcl oo d{n = aldz...ln‘
On the other hand, the first integral in (7), also by the residue theorem, is equal to

@)

Cy

ﬁ z ﬁ' _ Pv(CupCzh,...,Cu")
j1=0 ji1=0 ;n=okLI) Cuj — CkO)"'l(ju)“‘(ijk )

b

whence

1 In
®) Qg = X . X o
j1=0 j =0 H(C"Jk Cko)"'l(jk) (ij,, - Cklk)

where |;,, means that the factor ({;;, — {;;,) is omitted.
LEMMA 2. If the function f(2) is holomorphic in the closure of D = D, x
.. XD, and if
CkO’ Ckl”"a Ckvs"'

is a sequence of different points of D\, k = 1,2, ...,n, respectively, then the series

) f~ f pX iy ..in ,!jl @ = L) -+ (2 = Ciie-1)

1=0 iy +..+in=I
where

(10) a; . == _I__J .”j f(CI"'an)dcl...dC"
@mifJ ) T1 G = Gio) - G = L)

converges to f(z) at any point ({g,,, Catys -5 Cat)s Lo l2s-os by = 0,1,2,....
Indeed, the integral on the right hand side of (10) is by the residue theorem

equal to the expression on the right hand side of (8), in which b; ;. has been
replaced by f({y;,,...,{,;,). This implies that the polynomial

P(2) = i > aiy..in kl;[l (2 = Cko) -+ (2 = Lkin-1)»

1=0 ij+..+ig=1

being a partial sum of the series (9), takes the value f({y; ..., {y,) at the point
(ly1,s++-sCu,)s provided v 2 I; + ... + I,. Thus Lemma 2 is true.
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REMARK. Let us observe that the series (9) differes from the multiple New-
ton’s series

a

(11) > iy ... uljl (zk = ko) -+ (2 = Cii-1)

i1,i2... i,=0
only by a special method of summation. The series (11) is, of course, also con-
vergent to f at the points ({17, ..., {mt,)s 15 -3 1a =0,1,2,.....

4. Unisolvent sets. We shall say that the set E = C" is unisolvent of order v if
there is at least one unisolvent system p™ < E, i.e., a system such that V(p™) # 0.
If E contains unisolvent systems p®’ of any order v=0,1,..., we say that E is
unisolvent. It is easily shown that a set E unisolvent of order v is also unisolvent
of order k, k=0,1,...,v — 1. To see this it is enough to consider the generalized
Laplace’s development of V(p®). In the case of one complex variable the deter-
minant V(p®) given by (2.4) is simply a determinant of Vandermonde of order v
and therefore any system of v, = v + 1 different points of C* is unisolvent with
respect to polynomials in one variable of degree v. In the case of C' the homo-
geneous polynomials Q,(z) of degree v has the form Q,(z) = az], a = const. Here
the problem of unisolvency is trivial.

In the space C", n = 2, the unisolvent systems are not so simply characterized.
There are systems p® = {p,,...,p,,} and ¢ ={qy,...,q,} of different points
€ C" such that V(p™) =0 and W(q™) =0, respectively.

It follows from Lemma 1, §3, that if E is a set of (v + 1) points

0] Di,..i,= (glil’ () Cni,l)’ 0= i502s - in SV,

where (i, iqs---» (kv are different, then the system of points (1) which satisfies
iy +..4i,Sv is unisolvent. In fact, there are at least [(v + 1)!]" different
unisolvent systems of order v in the set E.

CoROLLARY 1. If E contains the Cartesian product of the sequences
GorCets oo k=12, (u# Gy Sori#j),
then E is unisolvent with respect to polynomials of n complex variables.

We shall now find the absolute value of the determinant (2.4) which corresponds
to the system p™ of points (1). We denote this determinant by

) V((C1ips o> Cai)s ii+...+i,Sv).
Let P(z) be a polynomial of degree v such that
(3) Pv(pil...i,,) = bil...i,,a il + ...+ in é v,

the b; . ;, being arbitrary fixed complex numbers. The determinant of the linear

equations (3) with unknowns a; _; is equal to (2). The polynomial P,(z) may be
written in the form
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P(z) = Zv: ( T I . ,u...zf,")

k=0 ka+...tk.Sv-kq

v
= Z Pv-k (22’""2")2,1",
1
ki1 =0

where P,_, (z5,...,2,) is a polynomial of degree v — k,; of the n —1 variables
Z3,.--,Z,. TO begin with, let us assume that {;, = 0. Then the equations (3) may
be written in the form

PCaips s lni) = boizoin s B2t ..+ i Sy
(39 .
Cu ,Eopv—k—l(Czip '-',cni..)Clki = — Py({aips s Cmi) + ity - 45
i Sv—i, i=12,..,v
whence the following recurrential formula follows for
_ V™) = ”V((Clin voslai)y Bt e+ i, )
@) V((Cyiyreeeslui)y i+ o + i =) =V((Caty s i)y 2+ ... + 0,2 0)
X V(i 41582005 -osCui)s i1+ oo + i Sv— 1)¢,Grem-emt (fyrm-sm-n
ver Ly Enmtime

Since the determinant V(p™) does not depend on unitary transformation of C"
onto itself, it follows that if {;, # 0 then

V(p(“’) = V((szz, ...,C"i” y iZ + .. + in é V)
X V(i +1 = Cios Caigpeoorlai)s i+ .o+ i, Sv—=1)
5
® R (STRR €T Mttt (PP Clo)c"*"""‘"

oo (Cay = Lyo)Snm o,
Since |V(p™)| is symmetric with respect to {}”, k =0,1,2, ..., v, we obtain from (5)

v—

1 .
(—6) IV((glip--wCIxi,. ’ il + ...+ in é V)I = Y [V;(C?))]Cﬂ.n-zm_z ’

where

s=

VS(C?’) = H (ij —Cu), s=01,..,v—1.
0Z.<jsv—s
By the way, we have proved that the absolute value of the determinant of the
equations (3) is equal to the absolute value of the determinant of the equations
(3.4"). '
Let Q(z) = Q(z4,...,2,) be a homogeneous polynomial of degree v. Then the
function
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z
P(z3,23,...,2,) = (z))" Q( =t ,z-ol'), 29 = const # 0

1
is an ordinary polynomial in n — 1 variables of degree v.

COROLLARY 2. A set E = C", which is a Cartesian product of a point z$ # 0
and of systems {” = {zyos Zx, 5 ++-s Zkv}» kK =2,...,1, of different points of the z,-
plane, is unisolvent of order v with respect to homogeneous polynomials.

5. Extremal points. Let E be a bounded closed set in C". Let b(z) be a real
function defined and bounded on E. Given an arbitrary system p™ = {p,,...,p,.}
< E of points

D=Zyszy), I=12,.,v,, Ve =Coinm
we define V(p")b) by
) V(p™,b) = V(p("’)exp[— v b(p,)], v=0,12,...,
=1
where V(p'") is given by (2.4). Let {a,} be a sequence of real numbers such that
?) «,>1, v=0,1,., and lim (a,)""=1.

For any v =0,1, ... there is a system

€); 7 = {1 )
of points of E such that
@ | Ve™.b) | > et [V(E™,b)|, v=12,..,

p™ being an arbitrary system of v, points of E.

The system (3) will be called the vth extremal system of E with respect to b(z),
{a,} and V(p™). The points of system (3) will be called the extremal points of
order v.

If b(z) is lower semicontinuous then V(p®),b) is upper semicontinuous with
respect to p™. Therefore, in that case there is a system

39 = {af’) 48”00}

of points E such that

(4" [V(@®p)| = max [V(p®b)|, v=012,...
p“')CE

The points (3) will be called ordinary extremal points of E with respect to b(z)
(and V(p™)). In the case that E = C' and b(z) =0 the extremal points were
introduced by Fekete [5]. In the case that E = C’ and b(z) is bounded, extremal
points were introduced by Leja [11] and investigated later by him and his stu-
dents in connection with the Dirichlet boundary value problem and conformal
mapping of simple and multiconnected domains on some canonical domains
(for bibliography see [14]).
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Using the same procedure, one may introduce extremal points of E connected
with homogeneous polynomials. If b(z) is lower semicontinuous, there exists a
system

(5) (V) {h(V) h(V) h(V) ’ Vo = Cv+n-l,n—la

of points of E such that

(6) I W(h(v) b) | max IW(P(V) b) l p(V) = {pl, ) pvo}a
where

w(p™,b) = W(p')exp [ -v Zb(pl)], v=012...
i=1

In the case of n =2 the extremal points (5) have been introduced by Leja [9]
(b(z) =0) and applied by him to the investigation of domains of uniform con-
vergency of the series of homogeneous polynomials of two complex variables
(see [9;12]). Exploitation of the points (4) (b = 0) to the same purpose in the
case of C", n 2 3, has been done in [19].

Let us define v (E,b) and w (E,b) by

) v(Eb) =[|[V(@™,p)|]/" ety = 12,
(8) wy(E,b) = [|W(HM,b)[]/* Cren-tm-t ) v = 1,2,

One can prove that the numbers v,(E,0) and w,(E,0) are invariant with respect
to the unitary transformations of C" onto itself.

It is known [9;10;11;14] that the sequence {v,(E,b)}, E = C', and the se-
quence {w(E,b)}, E = C?, are both convergent. Convergence of {w,(E,b)} for
E < C! is trivial. The limit v(E,0) = lim v,(E,0) is called the transfinite diameter
of E (= logarithmic capacity of E). The limit w(E,0) = lim w,(E,0), E < C?,
is a triangular transfinite diameter of E [9;12]. The question (formulated by
Leja [16] in a slightly different form) as to whether the sequences (7) or (8) for
E = C" n =2, are convergent or not remains still unsolved (except for E = E,
X E, X ... x E).

Remark on Silov’s boundary. Let S(E) denote Silov’s boundary of E with
respect to polynomials and let E* denote the topological sum of all ordinary
extremal points of E with respect to b(z) =0. The extremal points of g are
not unique in general. Therefore, E* may a priori depend on which extremal
points of order v we choose for v = 1,2,.... There is, of course, at least one E*
such that £* < S(E). But, as we shall see from Lemma 1, §6, any polynomial
takes its maximum on E*. Therefore, we always have S(E) c E*. We know [18]
that in the case of C' the set E* is unique and therefore £* = S(E). The author
can prove that £* is unique also if E = C", n = 2, is circular. However, we do not
know what is the answer in the general case.
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6. The extremal function ®(z,E,b). Let E be a bounded closed unisolvent
set in C". Given an arbitrary real function b(z) defined and bounded on E and an
arbitrary unisolvent system

p(v) = {pl’ «ees Dy, }, v =12, ey Vg = Cv+n,m
of points of E, the functions
(1) O (z,p"b) = [(z,pM) ™), i =12, ..,v,,

where L?(z,p™) denote the polynomials (2.6), are polynomials of degree v such
that :

(2) (D(i)(pjap(\')a b) = 6ijeVb(m)’ i’j = 1’2""9"*-

For any v=1,2,... we define extremal functions ®(z,E,b), i =1,2,3,4, cor-
responding to E and b, by the formulas

3 ‘DSI)(Z,E,b) = max I(D(l)(zav(‘.)9b)|a
15isv,

@ PP (z,ED) = L |0Pzy™,b)|,
i=0

) (z,Eb) = inf {max|®®(z,p™,b)|},
e @

Ve

(6) ®®(z,E,b) = inf X |09z,p",b)|,

PVCE i=1

where y™ = (3", ...,y} denotes extremal system (5.3).

THEOREM 1. The sequences {[®(z,E,b)]'"}, i =1,2,3,4, are convergent at
any point zeC" to the same limit ®(z,E,b),

®(z,E,b) = lim [®{(z,E,b)]"", zeC", i=1.234,

v

(the limit ®(z,E,b) being finite or not).
Proof. 1° First of all we shall prove that the sequence {(®{})'”"} has a limit
(finite or not) at any point ze C". Due to (2.6) and (5.1) we have

Vi(z,y™,b)
Vo™, b)

where V(z,y",b) is a determinant (5.1) corresponding to {y\", v, ...,7%,, z,

oV(z;y",b) = P=1,2., v

Yk 1575 }. Therefore, in virtue of (5.4)
(7 |®P(z,y",b)| < a,exp[vh(z)], z€E, i=12,..,v,.

Let z be an arbitrary fixed point of C", let v be an arbitrary fixed positive in-
teger and let u be an arbitrary integer greater or equal to v. There exist two
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uniquely determined integers k and r such that y=kv+r and 0<r <v. By
the interpolation formula (2.8) and due to inequality (7) we have

[[®Pzy™,b)]| < o ”Z’ exp [kvb(¥)] | L(z,y™)|, i=1,2,..,v,.
Let by = inf, g b(2). TJhe:l

exp[kvb(y))] = exp[(n — r)b(y))] < exp[ub(y,) — rbo].
Therefore,
|09(z,5*,b)[* < ok exp[ —rbo] ,éj, |0DP(z,y#,5)| < g b exp[ —r bo] @SV (z,E,b) ,
whence
[(@V(z,E,b)' " T < () [y €~ "] [ @ (2,E,B)]'*, n=12,....
Since vk/u— 1 and (u, exp(—r by))'* > 1, as u — oo, we have
(8) [@{V(z,E,b)]"" < ()" liminf [®{(zEb)]'", v =12,..,
whence due to (5.2) o
lim sup [®"(z,E,b)]""” £ lim inf [®{"(z,E,b)]'*, zeC"

V=0 n-o

Therefore, the sequence {(®{"’)!*} has the limit @®(z) = &(z,E,b) (finite or not).
2° To prove that the sequences {[®)(z,E,b)]'"}, i =2,3,4, are convergent to
d(z) it is sufficient to show that

9 oY 2o, d < a,®? L) 2 0P () 20V, v=12,...

By the interpolation formula (2.8) and due to (7) we have
10) |89y Vb)|< @, X [0V, b)), 2eC", i=12..,v,
j=1

p™ being an arbitrary unisolvent system in E of order v. Thus ®{" < a, ®¥.
The inequality ®{* < ®{* follows directly from (4) and (6). Further, it follows
from (10) that

) |09(z,y"b)| <vie, inf {max|0®“(z,p™, b)[},
i=1 "MecE o
whence ®{? < vZa, ®(®. Finally, the inequality ®{*) < ®{" follows directly from
(3) and (5). The proof is completed.
LemMA 1. If P(z) denotes an arbitrary polynomial of degree v such that
(§5)) |Py(2)| S M ™), zeE, M =const,
then
(12) |P(2)| £ M®'(z,E),  zeC"
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Proof. By the interpolation formula (2.8) and due to (11) we have

(nv),
[P(2Y]< M* Z [0y *"0)] = M@, =12,....

Therefore, |P,(z)| £ M[®{?(z,E,b)]'"*, u = 1,2, ..., whence (12) follows.

Let D(E) denote the unbounded component of CE. We know [10;7] that
if EcC! is of positive logarithmic capacity and b(z) =0, then ®(z,E,0)=
exp G(z,E), where G(z,E) is a Green’s function of D(E) with pole at co. There-
fore, (12) is a generalization of the Bernstein-Walsh inequality [27, p. 77].

THEOREM 2. Let A,(E.,b) denote the family of all polynomials of degree
v such that |P(z)| £ M, exp[vb(2)], ze E, M, = const, (M,)""* > 1. Then

(13) @(z,E,b) = lim { sup (|P,(2))'""}, zeC"

v—+w P,€d,
Proof. By Lemma 1 we have
IP‘,(z)I SM,®(z,E,b), zeC", v=12, ...
On the other hand, by (7) the polynomials a, ' M,®“(z,y",b), i =1,2,...,v,,

belong to A,(E,b), v = 1,2..... Therefore (13) is true.
REMARK. Let
R(z,E,b) = sup M , v=12...
P, €A, Mv

Then R, (2) 2 R,(2)R(2), u,v = 1,2,..., whence it follows that there exists the
limit R(z) = lim ., [R/(z,E,b)]"", ze C".

7. Some fundamental properties of ®(z,E,b). Let by, = inf, b(z) and B,
= sup,.gb(z) Then

) e < eb®(z,E,0) £ ®(z,E,b) £ %°d(z,E,0), zeC".

Indeed, since |[®P(z,y,b)| 2 |L(z,yV)|e™, i=1.2,...,v,, then ®{(z,E,b)
> ®3)(z,E,0)e"™, whence ®(z,E,b) = ®(z,E,0)e*> On the other hand,

Y zy =1, zeC",
therefore, ®{')(z,E,0) = 1/v,, whence
@) O(E0 =1, zeC"

Thus we proved the first two inequalities in (1).
Since for any unisolvent system p < E we have

I(D(i)(z,p(v),b)l <exp(v BO) |L(i)(z’p(v)) I’

then ®{¥)(z,E,b) < exp (v By) ®¢*(z,E,0), whence the last inequality of (1) follows.
The complement CE of E in the space C" consists of at most a countable num-
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ber of disjoint domains CE = {D,} + D, where D, = D(E) is unbounded. By
the maximum modulus principle for holomorphic functions the ordinary extre-
mal points of E with respect to b(z) = 0 lie on the boundary of D,. Therefore
the extremal systems of E and A = UD, with respect to b(z) = 0 are the same. Thus,

3) ®(z,E,0) = ¥(z,A,0), zeC"
As a simple consequence of (6.7), (2) and (3) we obtain
) ®(z,E,0)=1 forze A.
The following three properties follow directly from the definition (6.6) of ®¥
and from Theorem 1, §6:
(5) ®(z,E,b,) = eD(z,E,b), ze C", by(z) = b(z) + ¢, ¢ = const;
6) &(z,E,b) £ ®(z,F,b),
ze C", if F c E is a unisolvent closed subset of E; and
M ®(z,E, b,) £ Oz, E, by),

ze C", if by(z) £ by(z) for ze E.
Now we shall prove a less obvious property of ®, namely,
®  []OGEb) < ®EEb), zeC, b() = %[bl(z) + oo+ b(2)].
i=1
We shall prove (8) for s =2. If s > 2, the proof is quite analogous. Let b(z)
= [by(2) + bx(2))/2 and let P = {3™9, .y}, i=1,2, be the vth extremal
system of E with respect to bi(z), i=1,2, respectlvely Let

2 2 2 2
Y& =, ¥8, ., 150 )

be the (2v)th extremal system of E with respect to b(z). Given z,eC", there
are integers i; and i, such that

|®“k)(z0s7(v'k),bk)l = (D(vl)(zo’E’bk)’ k= 1’2 .
Due to the interpolation formula (2.8) and by (6.7) we have
I(D“')(Z,)'(v’l), bl)q)(iz)(z’,y(V.Z)’bz)l

(2v)e

(2vy (2v)
<o ¥ exp(2v b,(yi )';bz()’t ) ll‘(‘)(z"y(ZV))I ) )
=1

Therefore, '
®$)(20,E,b )0 (20,E,by) < a2® (zo,E,b), v=12,...,
whence (10) follows.
Due to (6.8) and Theorem 1, §6, we have

© [®$"(z,E,b)]"/* < @(z,E,b), zeC" v=12,...
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Thus @ is an upper bound of continuous functions (®))!”, v = 1,2, .... There-
fore, ®(z, E, b) is lower semicontinuous in C". Function (1/v) log |®®(z,7*, b)|,
i=1,2,...,v,, is plurisubharmonic in C", so the function (1/v) log ®? (z, E, b)
= max; (1/v) log |®©(z,y™, b)| is also plurisubharmonic in C". Since ®(z, E, b)
is an upper limit of plurisubharmonic functions [®{"(z, E, b)]'”", the function
(10) log ®*(z,E,b) =lim sup log ®(z’,E,b), z, z'eC",

is also plurisubharmonic in any domain D < C" in which ® (z, E, b) is bounded.

CoroLLARY 1. If E isa Silov boundary (with respect to polynomials) of a
bounded domain D, then log ®*(z, E, b) is plurisubharmonic in D.

Let 2(E) denote a set of the points zo€ C" such that for any polynomial P(z)

we have
IP(zo)l =< mt}sx |P(z)|.

We claim that
a1 PE) = {z|(I>(z, E,0)=1}.

At first we shall prove that if zye #(E), then ®(z,, E,0) = 1. If this was not
true then by (2) we would have ®(z,,E,0) > 1. Therefore, there would exist
integers v and i, 1 < ig < vy, such that |L9)(z4,y™)| > 1. But I%9(z,y™) is a
polynomial of degree v and | I%(z,7)| < 1 for z€ E, whence by the definition
of #(E) we would have |I199(z,,™)| < 1. We have obtained a contradiction.
Thus @(z,, E,0) = 1. On the other hand, if ® (z,, E,0) = 1 and P(z) is an arbitrary
polynomial of degree v, then due to (6.12) we have

|P(z)| £ (maEx |P(2))®"(20,E,0) = max |P(2)].

Therefore, if ®(z,, E,0) = 1 then zy € #(E). The proof is completed.

8. The function ®(z,E,0) for E=E; x E, x ... x E,. The following lemma
has been proved in [15].

LemMA 1. If E is a compact plane set of positive logarithmic capacity,
then there exist points x,€ E, v=0,1,..., such that x; # x; for i # j and

6)) lof2)] £ |ofx,)|, zeE, v=12,..,
where
2 w(2)=(z—-x9)(z—=x,)...(z—x,_1), v=12,....

Moreover, the sequence {(|wv(z)/wv(x,,)|)‘/"} converges uniformly to ®(z,E,0)
on any closed subset of CE.
Now we shall prove

LemMMA 2. Let E = E; x ... X E,, where E, is a compact set of positive
logarithmic capacity in the complex z,-plane. If P(z) = P(z,,...,2,) is a poly-
nomial of degree v such that
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A3) |P(2)] £ M for zeE,

then

@) |P(2)| £ M max {®(z,E},0),...,0%z,,E,0)}, zeC"
Proof. Let

xko, xkl, ceey xkv, e

denote the sequence of points of E, whose existence is assured by Lemma 1. Let
wkv(zk)=(zk_xk0)"'(zk_xkv—l)’ V=1,2,..., k=1,2,""n-

Then =
Wy (2
(5) wkv(xkv)

and the sequence {(|®y(z)/@k(x)|)!""} converges uniformly to @(z,E;,0)
on any closed subset of CE,. By Newton’s interpolation formula we have

§1, ZkGEk, v=1,2,-.-,

(6) P‘v‘(Z)E. Z‘; amz...i;‘.l:[ 0, (21),  (wko(zh) Edfl),
i1+...+ipSpv =
where
_ 1 PiLy,...,00dL, ... L,
(7) Qiy.iy = (2“1)"J.J 1 . 1 ,

Ci Cn kl__[l Oy + 1)

C,,...,C, being smooth suitably oriented curves, which contain in their interiors
E,,E,,...,E,, respectively. Since E, may be approximated from the outside by
regular sets (for which the function @ is continuous) and the function @(z,, E;,0)
is continuous with respect to the sets, it is sufficient to prove our lemma only for
regular sets. Assuming E, to be regular and ¢ to be an arbitrary positive number,
let R > 1 be so near to 1 that R — e < 1 and

|P(2)|<(1+eM for zeC=C;xC;x...xC,
where
Ck={zkl®(zk,Ek,O)=R}, k= 1,2,...,".
For these C, we have by (3) and (7)

S+ cs‘)"M"Ml/kl:[1 ;min |k ()]s

|a
k € Ck

i1...in

M, being a constant which depends only on C. Therefore,

O, (Xiir)
0, (8

It follows from (5) and (6.12) that |co,‘,~k(z,,) /a)kik(xk,-k)] < ¥%(z,,E,,0), z, being
arbitrary. By Lemma 1 there is an I, > 0 such that

lwk,(zk)/wk,(xk,)! g (R — 8)’ for Z € Ck’ k= 1,2 N (N l% lo.

max
k=1 {xeCk

.

bl @d2h)
Pi(2)| £ (1 + &)*"M*M z — ATk
I ( )I =( ) 1i1+...+i,.§uv =10k, (X)
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On the other hand, since C, NE, =@ and C, is bounded, there is a constant
0 <1 such that

|wkl(2k)/ wkl(xm)l g 5(R - 8)1, Z,, Gck, k = 1,2 S (N l= ],2, ...,Io.
Therefore,

[P S (1 + /MM, max (0B} x T -

n i+ + 10
iy+...+inSpv o (R - 8)”+ ti,

whence
|Ph2)| < (1 + e)*M"M 57" (R — )™ max {®"(z,E,0)}, zeC".
15ksn
After taking the uth root of both sides of this inequality and letting u go to oo,
we shall find

P s A8

R —¢)
Since ¢ > 0 may be arbitrarily small and R may be arbitrarily close to 1, we con-
clude that inequality (4) holds.

THEOREM 1. IfE=E,; X ... x E,, then

®) ®(z,E,0) = max {®(z,,E.0)}, zeC"

15ksn

M max {®'(z;,E,,0)}, zeC".
15ksn

Proof. If P(z,) is a polynomial in z, of degree v, then it is a polynomial of
the same degree in z = (z,, ..., z,), whence by (6.12)

|Pv(zk)l é (ma)é |Pv(zk)l)¢’v(z’E’0)’ zZ€ Cn .

Therefore due to Theorem 2, §6,

(9) (D(ZIkaaO) é (D(Z,E,O), k= 1929 ..
On the other hand, by Lemma 2 and in virtue of Theorem 2, §6, we have
(10) ®(z,E,0) £ max {®(z;,E,,0)}, zeC",

15ksn

Now (8) follows immediately from (9) and (10).

COROLLARY 1. If d(E))>0,k=1,2,...,n, then log ®*(z,E,0), where E=E,
X ... X E,, is plurisubharmonic in C".

COROLLARY 2. If E,, k=1,2,...,n, is regular and E=E; x ... x E,, then
®(z,E,0) is continuous in C".

ReMARK. It follows from (8) that if E, for some 1 <k, < n is not regular,
then ®(z,E,0), E=E; x ... x E,, is discontinuous at some points outside of
E, eg., if ®(z,,E;,0) is not continuous at a point z€E,, then the function
®(z,E,0) is discontinuous at any point (z%,z,,...,2,), where (z,,...,2,) ¢ E, X
... X E,.

9. The function ®(z,E,0) for circular sets. The set E = C"is called circular
if along with the point z° = (z{,...,z3) € E all the points of the circle
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€)) z=¢6"2% = (€29, ...,e"2D), 0=<0<2n,
belong to E.

The set E c C" is called a Reinhardt circular set if along with the point z°
=(z3,...,z°) € E also the set

{z||ze| =122, k=1,2,...,n}

belongs to E.

Let E be a bounded closed subset of C”, unisolvent with respect to homogeneous
polynomials. The function b(z) being defined and lower semicontinuous on E,
let

(2) h(V) = {h(1V)9 veey hSV)}s Vo = Cv+n—1,n-l

be the vth extremal system of E defined by (5.5) and (5.6). If p™ = {p,,...,p,,}
is an arbitrary unisolvent system of points of E, then the functions

3) YOz, p",b) = TO(z,p™M)e™®),  i=12,...,v,,

T9(z,p") denoting the polynomial (2.12), are homogeneous polynomials of degree
v. Define the extremal functions ¥(z,E,b), i =1,2,3,4, corresponding to E and b
by the formulas

@) Y{(z,Eb) = max|yO(z,h™b),  zeC",
)
Yo
Q) W (Eb) = X [yOz,h™,b)|, zeC",
i=1
© VOGED) = inf { max |./,«>(z,,,<v>,b)|}, zecC”,
Mecel @
vo
@) ¥\9(z,E,b) = inf { X |[v9%z,p™,b) | } zeC".
McEli=1

By reasoning quite analogous to the reasoning of §6 we may prove (see also [19])
THEOREM 1. At any point zeC" the sequences {(Y"(z,E,b)""}, i =1,2,3,4,
are convergent to the same limit y(z,E,b),

) Y(z,E,b) = lim (y¥(z,E,b)"", zeC", i=1234.

v— o0

Lemma 1 of §6 now takes the form of
LeMMA 1. If QJz) denotes an arbitrary homogeneous polynomial of
degree v such that

|04(2)| £ Mexp [vb(2)], zeE, M =const,
then

10y(2)| £ MY'(z,Eb),  zeC"

One obtains easily also the following properties of y.
1° Function y(z,E,b) is given by
¥(z,Eb) = lim { sup |Q,(2)|'"}, zeC",

v+ Qved,
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where 4, = A,(E, b) denotes the family of all homogeneous polynomials Q,(z) of
degree v such that |Q,(z)| £ exp [vb(z)] for z € E.

2° Y(z, E, b) is an absolutely homogeneous function of order 1, i.e., Y(1z, E, b)
= |,1 | ¥(z,E, b) for z € C" and for any complex A.

3° There exists a positive number m which depends only on E and b such that

¢(z,E,b)gm(|zl|+...+|z,,|), zeC"

4° If Y(z,E,b) is bounded on the unit sphere {z||z| <1} and y*(z,E,b)
= lim sup,,., ¥(z', E, b), then log y*(z, E, b) is plurisubharmonic in C".

5° If Ey, k = 1,2,...,n, is a bounded closed set of positive logarithmic capacity,
z? # 0 is a fixed point of the (z,)-plane and E = {zJ} X E, x ... x E,, then there
is a number M > 0 such that

Y(z,E,b) S M(|zy| + ... +|z,])s zeC"
Given an arbitrary compact set E = C", let H(z) = H(z, E) be defined by
) H(z) = lim {sup(|a,, ,.25"...z¢ D'*}, zeC",

where sup is taken over all the monomials a,, ., 2}'... z;" of degree v =p, + ...
+ u, such that

(10) @y, i’ 2" €1 for zeE.
THEOREM 2. If E < C"is a compact Reinhardt circular set, then
(11) ® (z,E,0) = max (1,y(z,E,0)) = max (1,H(z)), ze C".
Proof. Let v
P(2) = X ( X a7z )
k=0 \pu;+...+un=k

be a polynomial of degree v such that
|P(2)|<1 for zeE.
Then by the Cauchy inequalities we have (due to the definition of a Reinhardt

circular set)
|ay, yzft.zi"| €1  for zeE.

Therefore, for the points z such that H(z) # 1 we have

B Bn

v v Hv+l(z) - 1
P2 S Z CoriorhHi(2) £ v+ 1) THG@D) =0+ 05—~
k=0 k=0 H(z)-1
Of course, we have also
,,H”v+ l(z) _ 1
|PY(2)| < (uv + n) A1 ° K=l HD#L,
whence

pv+1 _ 1/p v :
0 ol i o BT (0 0

p=o

Thus, due to Theorem 2, §6, we have
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®(z,E,0) £ max(1, H(2)), zeC".
On the other hand, it follows from Theorem 2, §6, from 1° of this section and

from the definition of H(z) that
(13) ’ H(z) £ Y¥(z,E,0) £ @(z,E,0), ze C".

Now (11) follows directly from (12) and (13).
THEOREM 3. If E < C" is a compact circular set, then

14 ®(z, E,0) = max (1,y(z, E,0)), ze C".
Proof. If

v

P(2)= X x aﬂl..."”z‘;‘...z{,‘";k_‘z'(’Qk(z)

k=0 p+...+upn=k

is an arbitrary polynomial of degree v such that
|P(2)| 1 for zeE,

then the function w,(1) = Xp.oQuA2) = Tpoo0x(2)A* is a polynomial in A of
degree v. If 7 € E, then |»,(4)| < 1 for |4| = 1. Therefore, by the Cauchy inequalities

02| £1, ze€E, k=01,..,v,
whence due to Lemma 1

IQk(z)| <VYMzE0), zeC', k=0,1,..,v.

Therefore,
‘I/v+l ( Z) _ 1
Y -1
By a familiar reasoning this inequality, along with the fact that any homogeneous.
polynomial of degree v is also an ordinary polynomial of degree v, implies (14)

REMARK. One may prove [19] that H(z) is an upper envelope of all absolutely
homogenous functions of order 1 which are <1 on E and which are convex
with respect to &, = log |z |, k=1,2,...,n. Moreover, if E is a Reinhardt cir-
cular set such that for any z =(z,,...,z,)€E we have z;#0,i=1,..., n, then
H(z) = H(z, E) is continuous in C".

ExampLes. 1. If E={z || z| =r}, then H(z) = y(2) = |z |/r, ®(2)
=max (L |z|/r), zecC

2. fE = {z|||z,/a,|* + ... +|zs/a,|* =7}, then
1 i zi a /e
HO) = ve) = [T 2120

3. If E= {(Zl,zz)l Izll = ¢y, |Zz| =’71} v {(21,22)”21] = 52a|22| =12)}s
0<¢,<é,, 0 <n, <1y, then there exist constants o, f and y such that

|P(2)| < -, as Y(z,E0)#1, v=12,....

ze C".
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H(z) = Y(2) = max(I 2l [z ANC |ZZ|) zeC?
n’ Y ’

10.  Generalization of the Bernstein-Walsh theorems. In this section we
shall always assume that E is a compact subset of C" such that the function
@(z) = O(z, E,0) is continuous in C" and CE = D,

Given any p > 1 we define E, and and C, by

€Y E,={z|®(z) <p}, C,={z|®(z)=

Since by assumption ®(z) is continuous, then E, is open and C,, is the boundary
of E,, because ®(z) being plurisubharmonic in C" cannot attain its maximum
in the interior of a domain without being constant. But ®(z) = ®(z,E,0) > | z |//r
for sufficiently large r > 0, so ®(z) # const.

Given the function f(z) defined and bounded on E, denote by R the largest
real number such that there exists a function F(z) holomorphic in Eg and equal
to f(z) on E.

We say that the sequence of polynomials {P,(z)}, where P, is of degree v,
converges maximally to f(z) on E, if )

) lim sup (max |f(2) = P(2)))'/" = 7

THEOREM 1. If the polynomials P,z) of respective degrees v satisfy the

condition ’

€) limsup |f(z) - PJ(2)| 1" < T R>1, zeE,

and if R, e(1,R), then the sequence {P/z)} is uniformly convergent in Eg,.

Proof. The difference P,,, — P, is a polynomial of degree v + 1; therefore
by Lemma 1, §6,

©)] |Pv+ 1(2) — Pv(z)l < [max IPv+1(Z) - Pv(z)l](DvH(Z), zeC"

But i

®) max [P, (z) — P,z)| < max |P,,, —f| + max [P, —f]
zeE ze E zeE

If e>0 is so small that (R;/R)(1 + &) < 1, then for sufficiently large N, we have
l v
max |f—P,| < ( ; s) , v>N,

zeE
and further, by (4) and (5),

IPv+l l< 2 (1 i—_s') (Dv+l(z)’ zeC", vZN,

whence

_ (1 + &R,
|P,+1—P,| < 2R, [ R

], zeCg,, v=N.

Therefore, the series Py + 2% (P4, — P,) converges uniformly in Eg,. Since
Py + X)_o(Pisy — P)) = P,, the proof is completed.
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For polynomials in one variable Theorem 1 is due to Bernstein and Walsh
(see [27, p. 78)).

REMARK. After having Lemma 1, §6, the proof of Theorem 1 is the same as
the proof of the corresponding theorem for polynomials in one variable. However,
the proof of the lemma differs from the well-known proof of the corresponding
lemma in the theory of one variable, which is based on the maximum principle
for harmonic functions.

THEOREM 2. Iff(z) is a holomorphic function on E, then there exists a sequence
of polynomials P(z) of respective degrees v which converges maximally to f(z).

Proof. 1° Suppose E is circular. By Theorem 9.3 and due to 2°, §9, Ep is
also a circular domain. If the function f(z) is holomorphic in Eg, then it may
be developed in a series of homogeneous polynomials

© f&=% 00, zekn

0.(2) being a homogeneous polynomial of degree v. If R; € (1,R), then Ex, =Epg,
+ Cg, is a compact subset of Ex and the series (6) is uniformly absolutely con-
vergent on Ep,. Therefore, there is a constant M > 0 such that

0@ <M, v=0,1,.., zek,
In virtue of Lemma 1, §9, we have

|04(2)| £ MY*(z,Ex,0), zeC", v=0.1,..,
whence due to the homogeneity of y(z,Eg,,0) and y(z,E,0) we have

0] £ M g-¥EQ), zeC
1

Let P(2)= X;-o Qi(2). Then
i L

L R REA-/R) 2°F

M |f@-P)| =| £ o@)|=zM
k=v+1 k
whence due to the arbitrariness of R € (1,R), we have

lim sup (max |f—P)"" < 1,
v © zeE R

and the inequality lim sup,.,, (max,.g|f— P,))!/* <1/Risimpossible, as follows

immediately from Theorem 1, Q.E.D.

2° Suppose E is arbitrary. Since by our general assumption the function
®(z) = ®(z,E,0) is continuous and, on the other hand, ®(z) is an upper bound
of continuous functions ®,(z) = (maxg, | [ (z,y™)|)'”", therefore by Dini’s
theorem the sequence ®, converges uniformly to ®(z) on any closed bounded
subset of C".
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Let R, >1 and ¢ >0 be arbitrary real numbers such that R, + e <R —e.
Since ®,(z) converges to ®(z) uniformly on Ej, there exists integer m such that

®) D, (z) <R, +¢ for zeCp,
and
) P, (z)>R—-¢ for zeCp.
Let

G ={z||Pzy™)| <R =-9", i=12,..m}, my=Cpip,,

Of course,
G = {z|®,(z) <R —¢}.

In virtue of (8) and (9) and since R, + ¢ < R — ¢, we have
(10 Cr,cG and GcEy.
Let m’ denote the smallest integer such that G’ defined by

G'={z| [L“")(z,y("")l <R=-9¢)", k=12,...,m'}
is identical with G. Without any loss of generality we may assume that i, =k
for k =1,2,...,m’. Thus
11 G ={Z||°Cy™)| <R —-¢)", i=12..,m}.

By assumption (by definition of R) the function f(z) is holomorphic in E. Then
it is holomorphic by (10) in G. In the following we shall write [(z) instead
of 1(z,y™). By a theorem of A. Weil [25; 26],

1 6i;...in(z:C)f(C)d{l o an z

TG = G i <ire Bt nt fm | kﬁ[L“*’(z)-L“'"’(c)] "
. in
@@= E E P @O PP 2,
where — -
) P g [ Ot

and o, ; denotes some n-dimensional part of the boundary of G and §;,_ ;(z,0)

is the determinant
Oi,in=det[PiJci=1,2,.n,

while P, is defined by the relations
L(i)(z) - L“)(() = E (Z, - CI)PI'I s i= 1’2’ eees m'.
=1

Thus, P;(z,{) are polynomials of order m, both in z = (z,,...,2,) and in { =({y,...{,).
The polynomial

Qk....k.,(z) =1 2 Pi,...i,.k,...k (2) [L(E')(Z)]k1 [L“")(z)]h"

SigS.. Siasm’
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is of order m + m(k, + ... + k,). For ze E we have |[(z)] = |[P(z,y™)|= 1,
= 1,2 ..., m,. Therefore, due to (10), (11) and (13), we have

(14) Ok, k(2] £ M/ (R — gyt Hhntm z€eE,
M being a constant which depends only on R, and f. Let
Pm(v+n)(z) = E Qk....k,.(z)’ V= ],2, e
ki+...+kpSv

By (12) and (14) we have
lf(z) _ Pm(v+n)(2)! é M E 1/(R _ 8) m(ky+...+kn+n)

ki+othka2v+1

éMl/(R—E)m(v+l+"), ZGE,
M, being a constant. Therefore,
1
lim sup { max | f = Puyimy | }/"OTPS — oy

v
The polynomials PM, where P,, =Pyimfor m(v+n) S p<mv+n),v=12,..,
and f’,, =0 for u=1,2,...,mn, are of respective degrees yu and moreover

im sup (max | /= 7,])"'s L.

The sequence {P,} depends on ¢ and R,. Letting now R, go to R and ¢ to 0 we
may find by a diagonal process polynomials P,(z) of respective degrees v such that

1
R

(..)'” < 1/R cannot hold, the

lim sup(max|f— PN <

V= zeE
Since by Theorem 1 the inequality lim sup
proof of the theorem is completed.
In the case of one variable Theorem 2 is due to Faber, Bernstein, Szegé and
Walsh (for reference see [27]).
Let n,(z) denote the Tchebycheff polynomial of degree v of the best approxi-
mation to f(z) on E. An immediate consequence of Theorems 1 and 2 is

v oo

THEOREM 3. A necessary and sufficient condition that the function f(z) be
holomorphic in E,, p > 1, is that
1

lim sup (max |fz) - 2P =.

v oo pP
For polynomials in one variable this theorem is well known [27]. In the case
that E is a Cartesian product of linear intervals E, ={z,| 1=z, =x,<1},
k=1,2,...,n, Theorem 3 is due to Sapogov [17].

11. Interpolation at extremal points.

THEOREM 1. If the complement of E is connected, ®(z) = ®(z,E,0) is conti-
nuous in C" and the function f(z) is holomorphic on E, then the sequence of
interpolating polynomials
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(1) Lizf) = i FOMIP@™),  v=12..,

where y = {(y{’,...,9.)} is the vth extremal system of E with respect to b(z) =
converges maximally to f(z).

Proof. By Theorem 10.2 there is a sequence of polynomials P,(z) of respective
degrees v which converges maximally to f(z), i.e.,
(2 lim sup (max |[f=PpY” =Rl— ,
where R > 1 is the largest number such that f(z) is holomorphic in Eg. If
R, = (1,R), there 1s a const M > 0 such that

3) 1) - P2)| < 1_1;_4 y=12,..., zeE.
Since

L) - PD = X [f6) - POOIIOE™),  v=12,...
then by (3) and (6.7) o

(4) lLv(z’f) Pv(z)l vM s V= 1,2, “eey zeE.
1
It follows from (3) and (4) that
lf(z)_Lv(z’f)I < R * v), v =1,2,..., ZEE,

whence by (5.2) we have
lim sup (max |f(2) = Lz =

v 1

Due to the arbitrariness of R, and because of Theorem 10.1 the last inequality
implies our theorem, Q.E.D.

If E = C', Theorem 1 is due to Fekete [5] (see also [27, p. 171]).

Let now E=E, x...x E,, where E, is regular and has a connected complement.
Let
Q) @0(Z1) = (24 — Xko) -+ (Zk — Xpy— 1), v=12,..., k=1,2,...,n,
where

©) Xk0s Xkts ++vs Xgys ovn »

denotes a sequence of Leja’s extremal points of E,, k= 1,2,...,n, respectively
(see Lemma 8.1). Suppose f(z) is holomorphic in the Cartesian product Eg g,
of the domains

@) Eg, = {z|®(z, E,0)<R,}, R.,>1, k=12,..,n
Let
(8) Ci={z,|®(z1, E,,0) = R;},  where Rye(I,R), k=1,2,...,n
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THEOREM 2. The Newton’s series of f(z)

n

© fD~a+ L X inete [T 0

I=1 i+...+i,=I
converges uniformly on any closed subset of Eg,  g,.

Proof. Since by (3.10) we have

a4, = F@iseror L)ALy ... dE,
" T (6= xu) [0
Cy YCa k=1 k ki p2) ki \Sk

and C, N E =6, k=1,2,...,n, then

n
o SM[ T min |0 @l indzseia = O,
k=1 lkeCxg

M depending only on C; x C, x ... x C, and on f. We know (see Lemma 8.1)
that the sequence {(|@i,(z)/@i(Xiy)|)!/*} converges uniformly to ®(z, E;,0)
on any compact subset of the (z)-plane. Therefore, given ¢, > 0 sufficiently
small, there is a constant M; > 0 such that

|ai,...i,.| =M, / LI;II(R; - sk)iklwkik(xkik)l ],

whence it follows that series (9) is majorized by the series

@

(10) laol +M, X ) I:[ |0, (20|

171 iy vinmt k21 |0k ) | Ry — 80

Let ¢, = ¢,(R{/Ry), k =2, ...,n, then

Ry —2¢ _ Ri—2¢
R; - sk R{ - 31 )

There is a constant M, > 0 such that

| Pz

SM R'_zs ikforzez Z,E,O =R’_38 .
O, () T 2R, k k {"lo(k 10) k )

Then the series © R/ — 2, \itte+in
ool + MM, £ E ()
I=1 ig+..+ip=l 1 — &

is convergent and it majorizes the series (10) (and therefore the series (9) for z
in the Cartesian product of the sets {zkl(I)(z,‘,E,‘, 0) = R, — 3¢,}. Due to the
arbitrariness of ¢, and of R}, k = 1, ..., n, this implies that the series (9) is conver-
gent uniformly on any closed subset of Ep g to some holomorphic function
g(z). But due to Lemma 3.2, we have

g(xli’, ...,x,,i") =f(xl;l, ...,x,,i"), il’ iz, ...,in = 0,1,2, ceiy

whence g(z) = f(z). The proof is completed.
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12. Existence of the limit u(z,E,b) =lim, ,, (1/2) log ®(z,E,Ab)/®(z,E,0). Let
E be a compact set in C" such that ®(z,E,0) is finite at any point of C" If b(z) is
an arbitrary real function defined and bounded on E and if 4 is a real number >0,
then by (7.1)

1 ®(z,E,Ab)

i =by < -log =222 < g = "
cllet; b)) = by £ Alog ®G.E0) <B, ;Slelg b(), zeC"

We shall prove the following inequality
®(z,E, Ab) 1'*_ [ ®(z,E,A'b) T'* n
S T < | D2 T ' <
1) [ EQ) ] [ (Z.EQ) ] , 0<A g4 zeC"
At first let A and A’ be rational

We have

S
]
‘l-&‘
SR~ ]
<>
I
\I —_
e
v\
<
QI
>
+
=
S
|
ﬁ\
ey
B3
eremend

Therefore, by (7.8)
qw’f(z,E,%b)(bq'"""‘f(z,E,O) < 0%z, E, %b),
whence we obtain (1) for A = p/q and A’ =p'/q’.
To prove (1) for arbitrary A and A’ let A, and A, be rational numbers such that
MSANZSAZA, Ao, A, -4,
and let by =inf, . ;b(z). We have b(z) + b, = 0. Due to (7.7)

® BEAb + b)) 1 [ QEELD + bo) 1
[ oEED) | = (z,E0)

and

IIA

[ ®(z,EX(b + bg)) 1V*- ®(z,E,A'(b + bo))*>
®(z,E,0) [ ®(z,E,0) ]

Since A, and A, are rational, we have by (7.5)

A @(z,E,Ab) 1'* A\ [ ®@EAb) 1Y*>
P (Zb°) [ Oz ED) | =P (Zb") [ ®(z,E0) ’

whence the inequality (1) follows in an obvious way.

THEOREM 1. IfE < C"isa compact set, and if b(z) is a real function defin-

ed and bounded on E, then there exists a finite limit
1 &(z,E,Ab)

(2) u(z,E,b) =£lfl(’)l Z ]()g m

at any point ze C" such that ®(z,E,0) is finite. Moreover, the function
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u*(z) = lim sup u(z',E,b)

’
z 2z

is plurisubharmonic at any interior point of
&, = {z|®(z,E,0) = 1}.

Proof. The existence of the limit (2) follows directly from (1). The function
u*(z) is, for ze &,, an upper envelope of plurisubharmonic functions

%log O*(z,E,Ab) = limsup %log &(z',E,Ab);
therefore it is plurisubharmonic at any interior point if &;, Q.E.D.

If E is a line segment in C! and if E is a Jordan curve in C, the existence of
the limit (2) for z € E has been proved in [11] and [8], respectively. The method
of proof used by the authors of these papers was based on the generalized ap-
proximation theorem of Weierstrass.

Inoue in [8] and Leja in [13] have proved that if E is a Jordan curve in C*
and b(z) is continuous, then u(z, E,b) is a solution of the Dirichlet boundary
value problem for the interior of E with boundary values b(z). The author of this
paper has shown in his thesis [21] that if E is a boundary of a domain D which
contains the point oo in its interior and if b(z) is real and bounded, then u(z, E, b)
is Perron’s generalized solution of the Dirichlet problem for any component
of CE with boundary values b(z).

In the next section we shall establish the relationship of u(z,E,b) to Bremer-
man’s [4] solution of the Dirichlet problem for plurisubharmonic functions in C".

13. The generalized Dirichlet problem for plurisubharmonic functions. Let D
be a bounded domain in C" and let F = F (D) denote the Silov boundary of D
with respect to plurisubharmonic functions in D (plurisubharmonic in a neigh-
borhood of D which may depend on the particular functions). The family of
functions plurisubharmonic in a given domain D does not form an algebra.
Therefore, there is a natural question of the existence of the Silov boundary
with respect to such a family. However, it has been shown in [20] that the Silov
boundary exists for separating function families which are closed only with
respect to addition (or multiplication). Therefore, the existence of the Silov
boundary with respect to plurisubharmonic functions is guaranteed.

Let E be a subset of D such that F c E and let b(z) be a real bounded function
(continuous or not) defined on E. Denoted by 4 = A(D, E, b) the family of all
functions U(z) plurisubharmonic in D such that

(1) U(z) = b(z) for ze€E,
we define the upper envelope V*(z) of functions U by
?2) V(z) = sup U(z), V*(z) = lim sup ¥(z'), z,z eD.

Ued z' -z
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The function V*(z) has been introduced and investigated in [4] for the case
that D is a pseudoconvex domain with “smooth’’ boundary and b(z) is defined
and continuous on E = F. In § 8 of [4] the connection of V*(z) with the envelope
of holomorphy of Hartogs domains has been considered. We want to add what
follows to these considerations. Let

3 H={(z,w)|z€E, |w|<e *®}
and
Q) G={(z,w)|zeD, |w|<e V"®}.

We shall prove

LeMMA 1. If the functions a (z), v =0,1,2, ..., are holomorphic in a neighbor-
hood of D and the series

© 1w = T e’

is uniformly convergent(®) on H, then it is uniformly absolutely convergent
in any closed subset of the domain G.

Proof. There is a constant M > 0 such that

la2)w’| =M for (z,w)eH, v=0,1,...,
ie.,
|a(z)| £ Me*®@  for zeE, v=0,1,....

Since (1/v) log |a,(2)| is plurisubharmonic in D, therefore by definition of V*(z)
we have

1/ .
a_v(z_), <", zeD, v=12,...,

whence it follows that the series (5) is uniformly absolutely convergent in any
compact subset of G.

LEMMA 2. There exists a sequence {Vi(z)} of plurisubharmonic functions
in D such that

6) V() < V(z) for zeD, k=12...,
and
Q) V*(z) = { Sup Vd2)}*.

Proof. Let {z,} be an arbitrary sequence of points everywhere dense in D.
Denote by z,, the point of D such that
8) V*(z,) = max V*(z2).

llz=zvll £ 1/k

(® It is sufficient to assume that |ay(z)w¥|, v =1,2,..., are uniformly bounded on H.
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For any point z,, one may find a sequence {z,,},= ... of points of D such that

lim z,,, = z,, and lim V(z,,) = V*(z,))-

l-+o 1=

One can easily check that the set D* of all the points z,,, v,k,l = 1,2, ..., satisfies
the following property

) lim sup V(z') = V*(2), zeD.

2'=z,2'e D*

Let us arrange the points of D* into a sequence, say {p,} and take the sequence
{p,} of points

(10) Pis Pis P2s Pis P3s P3s oo -

By definition of V(z) for any p, there exists a function V,(z) plurisubharmonic
in D such that

(1) V) <V(@), zeD and V() >V(p)—-(/k), k=1.2,...

Since any point of D* is repeated infinitely many times in the sequence {p,}, then
(12) Vi(z2)<V(z), zeD and V(z)= supV(z), zeD*

Therefore, due to (9), the sequence {V,(z)} has :11 the required properties.

LeEMMA 3. Suppose that for the domain D there exists a sequence of domains
of holomorphy {D,} such that

D,oD,,, oD, v=12,...,
and for any & > 0 there is v, such that

D,c D,={z| min |z—¢| <&}  forvv,.
teD

Then the function V*(z) is an upper envelope of all the functions (1/k) log | 9(2) |,
where k is an integer and g(z) is a function holomorphic in D such that

(1/k) log |¢(2)| £ b(z), for z€E.

Proof. Without any loss of generality we may assume that the functions
Vi(z) defined in the proof of Lemma 2 are plurisubharmonic in D,, k=1,2,...,
respectively. It is known [4] that

13) Hy={(z,w)|zeDy, |w|<exp[-Vi(2]}, k=12,.,

is a domain of holomorphy and there exists the function fi(z,w) holomorphic
in H, such that

(14) filew) = £ a®G@w,  (zw)eH,
v=0
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where the a¥)(z) are holomorphic in D, and the series is uniformly- convergent
in any compact subset of H,. Moreover,
L ]
(15) Vi(z) = { lim sup %log |a$"’(z)|} . zeD,.
A\ ud-2)
By the uniform convergency of (14) there is a constant M, > 0 which does not
depend on v such that

|aP()| £ M, exp [V(Vx(z) +§1E)] , zeD, wvk=12,...

It follows from (15) that
az) () *
Mo } = V).

Denoting g,,(z) = a¥(z)/ M, e'/*) we have

{ sup —1‘; log

(16) Dlog lgn@| S Vil zeD,  ky=12..,
and

1 *) %
(17) [supsup J1og lon@) )" = v+

To complete the proof it is enough to show that
V¥(2) = {:gp -vl-loglgkv(Z)I}

Let A(z) = sup, ,(1/v)1og|gy(2)|. By (12) and (16)

(18) AXz) £ V*(2) .

The function A*(z) is upper semicontinuous. Therefore, given zo€ D and ¢ >0
there is a number 6 >0 such that

A*(z) S A%(zo) + & for |z—z| £6, zeD.

*

Thus
%log|g,‘,(z)| S A*z) S A%zo) + & |z —2z0| <8, zeD, kyv=12,...
whence

%*) *
V*2) = =sup{sup éloglgkv(z)I} } < A*(zo) + & |z —zo] <6, zeD.
k v

Since &> 0 is arbitrarily small, we have ¥*(zy) < A*(z,). Therefore,
A*(z) = V*(2z), Q.E.D.
Putting E = D, it follows from Lemma 3

CoRrOLLARY 1. If D satisfies the assumptions of Lemma 3, then the Silov boun-
dary of D with respect to functions which are plurisubharmonic in D is equal
to the Silov boundary of D with respect to functions which are holomorphic
in D (compare [4, p. 262]).
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We shall prove also

COROLLARY 2 (LEMMA OF BREMERMANN) [4, p. 256]). If U(z) is plurisubhar-
monic and continuous in a domain of holomorphy G, then for any G c = G
and for any &> 0 there exist k functions fi,....f; holomorphic in G and k
positive integers cy,...,c; such that

(1) UG -¢ < sup|log|fi@ .. o loBlA(@)] | < UG zeC

Indeed, there is a domain D which satisfies the conditions of Lemma 3 such

that
GcDccgG.

Therefore, due to the continuity of U(z) there is a finite system of functions
fi(2), i=1,2,..., k, which satisfy (19) for ze D. Thus Corollary 2 is true.

THEOREM 1. If D satisfies the assumptions of Lemma 3, and moreover every
function f(z) holomorphic in D can be uniformly approximated in D by poly-
nomials, then

(20) V*(z) = u*(z,E,b), zeD.
Proof. By our assumptions D is polynomially convex. Therefore, ®(z,E,0)
= ®(z,D,0) = 1 for ze D. Thus

u(z,E,b) =)}i‘151 T log ®(z,E,Ab), ze D.

Let g(z) be an arbitrary function holomorphic in D such that for some positive
integer v we have

(1) l9(2)| £ ™, zeE.

There is a sequence of polynomials {P,(z)} uniformly convergent to g(z) in D.
We may assume that

(22) |Pi(2)| £ |9(2)|, zeD, k=12,....
Let the degree of P, be equal to v,. We have
|Pi(2)| < exp [v,‘ . va(z)] , ze€E.
k
Therefore, due to Lemma 6.1
P s 0(zEb ) = [0 (220 )]
Vi Ve
whence by (12.1)
%—loglP,‘(z)| =< u(z,E,b), zeD, k=12,....

(e

Then 1
;log |9(2)| £ u(z,E,b), zeD.
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Since g(z) is an arbitrary holomorphic function satisfying (21), we have by Lemma 3
V*(2) £ u*(z) = u*(z,E,b), zeD.

But the function u*(z), being the upper envelope of functions (1/v) log|P(z)|

where P(z) is a polynomial such that (1/v) log | P(z)| £ b(z) for z € E, cannot

be larger than V*(z) at any point of D. The proof is completed.

It will follow from the following theorem that the domain G considered in
Lemma 1 cannot be replaced by any larger domain.

THEOREM 2. If the domain D satisﬁes the assumptions of Lemma 3, then
there exist functions a(z), v=0,1,..., holomorphic in D such that the series

fz,w) = 2 a,(2)w’

converges uniformly on H and on any compact subset of G, but it diverges at
any point outside of G.

Proof. It follows from the proof of Lemma 3 that there exists a double sequ-
ence of functions g,,(z) holomorphic in D such that

(23) |9:(2)| < exp[v V*(2)], zeD, kyv=12,..,
and

24 exp V*(z) = {sup{limsup |g,,(2)| """} }*.
Moreover if Lo

(25) Vi(z) = lim sup = loglg,w(z)| o zeb

and e

(26) Uz) = sup Vi(2), zeD,

then there exists a countable set D* = D, everywhere dense in D, such that
27N lim sup U(z") = V*(z,).

z’=z9, z'€D*
Arrange the points of D* into a sequence

(28 Pis Pis P3s Pis P2 D3y -
and let p, | = 1,2, ..., be the Ith point of this sequence. For any [ there is n, such
that

lim sup - loglg...v(p;)l > U(p) - I=12,...

v o

Therefore, there is a sequence of positive mtegers vy <v,.< ... such that

1 2
;‘loglg...v.(p,)l >U(p) =7, 1=12,...
It follows from (25), (26) and (28) that
lim sup vi]og|g,,,‘.,(z)| = U(z), zeD*.
15w 1
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Therefore, by (27)
(29) lim sup %log|g,,".,(z)| = V*(2), zeD.

1=+ ]

By assumption there is a seqence of domains of holomorphy {D,} such that
(30) D,oD,.,;,>D and D,:D.

For any v = 1,2, ... there'is the function g,(z) whose domain of existence is D,
Let max, ,, 4| ,(z)¥'| = M,. The function g,(z) = 1/M, § (2) is holomorphic in
D, and

lo2w'| =1,  zeH,
whence
(31) |94(2)| £ exp[vV*(2)], zeD.

Denote by d,(z) the vth function of the sequence

0,...,0 0,...,0
vy gn;vl(z) ’ gvl+1(z) 5 va—vi—2 gn;vz(z) ’ gv2+l’ 0’

We claim that the series
< 1
(32 Y a(z)w’, where ay(z) = Fa@ . v=12..,
v=1

has all the required properties. First of all it follows directly from the construc-
tion of a,(z) that the series is uniformly convergent on H. Further by (29) and
(31) we have

*
{lim supélog lav(z)l} = V*(2).
Therefore the series (32) is uniformly convergent on any compact subset of G
and it is not convergent in a neighborhood of any point (z4, wo) such that z, € D
and (zo,wo) ¢ G. To end the proof it is enough to show that if (z,, w,) € CG and
Zo € CD, then the series (32) is divergent. Indeed, by (30) there is some function
a,(z) which is not holomorphic at z,; therefore, (32) cannot converge at (zq, wo).
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